The Indiana University Cyclotron Facility (IUCF) cooler ring is one of many storage rings designed and constructed specifically to employ electron cooling to produce and use high quality medium energy ion beams for nuclear and atomic physics research [l] . For a beam of 45 MeV protons, the equilibrium 95% transverse emittance is about 0.3 w mm mrad with a relative momentum spread full width at half maximum (FWHM) of about 1 x lo-'.
The motion of the beam bunch with a small emittance can closely simulate single particle motion. Several experiments studying transverse motion near betatron resonances [2] have demonstrated this advantage.
Recently, the same techniques for studying transverse motion on a turn-by-turn basis were employed to study longitudinal motion, particularly the parametric resonances generated by the rf phase or voltage modulation [3] . In the course of making these measurements we often observed driven, or maintained, longitudinal oscillations when the relative velocities between the proton and electron beams were larger than a threshold value. The maintained oscillations have been previously observed [4] , h owever there have been neither detailed studies nor a credible explanation to this date.
Since such an instability can heat a stored proton beam, it may have important implications for injection schemes in which the electron cooling is used to cool the newly injected beam into a previously stored stack. It may also be important for determining the method in which electron cooling is changed during the proton beam acceleration. More broadly this effect is of interest in understanding any pendulum-like system with nonlinear damping.
In this paper, we report results of a series of experimental studies on the beam motion as the energy of a synchronous proton is varied while holding the electron energy constant. We will compare the experimental data with results from computer simulations. The threshold behavior of the instability will also be studied semi-analytically.
Since its discovery in 1945 by McMillan and Veksler [S] , synchrotron motion has come to be relatively well understood. However, synchrotron motion in a system with electron cooling has received relatively little attention. Electron cooling adds to the system a damping force similar to that of a damped pendulum. Longitudinal motion in a synchrotron is characterized by 4, the phase of a particle relative to the rf wave in the rf cavity, and its conjugate momentum variable 6, which is the fractional momentum deviation of a particle from that of the synchronous particle. The difference equations describing the longitudinal motion are h -sin 40) -f(&),
where q is the phase slip factor, de is the synchronous phase angle, which for a stored beam is 0 deg, h is the harmonic number, f ( 6) is the damping drag force, provided by electron cooling, V, is the small amplitude synchrotron tune, which is the ratio of the angular synchrotron frequency w, to the angular revolution frequency wc, and the subscripts n refer to the revolution number. The region of phase space around the stable fixed point at 4 = $0 and b = 0 within the separatrix is called the rf bucket, and its phase space area is called the bucket area.
The damping force f(6) p ro d uced by the electron cooling is the result of a statistical exchange of energy in collisions between the protons and relatively cold electrons as they travel together in a section in the accelerator. At IUCF, the cooling section is about 2.2 m or about 2.5% of the circumference. The damping force is generally a nonlinear function of the relative velocity ~=d between the electrons and the protons. Let 6 be the fractional momentum deviation of a proton from the synchronous particle, and 6, be the fractional momentum deviation of a proton traveling at the same velocity as the electrons with respect to the synchronous particle. Then the v rd in the laboratory frame is given by v:db = (S-S.)?, where ,O and 7 are the usual relativistic factors for the synchronous particle, and c is the speed of light. In the rest frame of the electrons, we have viz ' = 7,"vbJ/(lr,"&!$) , where 7= and PC are relativistic factors for the electrons. Since the relative velocity is small and
where we have dropped the superscript specifying the reference frame.
The drag force, based on the non-magnetized binary collision theory for a cooling electron beam with an isotropic phase space distribution, can be parametrized as follows [6] ,
where the kinematic function g(c) is an odd function given by g(C) = $$ [err(<) --&e-c2] with C = (2)) Ae = ue/p c, and a! is the l/e damping rate for small relative velocities in s-l.
Here a, is the rms velocity spread of the electron beam related to the effective temperature.
Note that g(C) + C as C ---t 0, the extrema of g(C) are located at C z f0.97, and g(C) + 0 as C ---) foe. The damping force f(S), for th e case where the electron velocity is the same as the velocity of a synchronous particle, i.e. S, = 0, is zero for a particle at the center of the rf bucket, where the rf force is zero. On the other hand, when the electron velocity is much different from the velocity of a synchronous particle, the damping force is non-zero for a particle at the center of the rf bucket, where the rf force is zero. More importantly, the slope of the damping force at the center of the bucket may change sign. As we will discuss later, this may lead to an instability at the center of the rf bucket.
In machines where the electron beam is magnetically confined by a solenoidal field, as it is in the IUCF cooler ring, the damping force can be enhanced by an effect called magnetized cooling, which becomes important when the relative velocities are small. However, for this effect to become significant there must be a rather precise alignment of the electron and proton beams. Since we made little special effort to precisely align the proton and electron beams and our experiments were studying effects of the nonlinear cooling force at a relatively large relative velocity, we assume that the damping force is given by the non-magnetized theory alone in our data analysis. phase signals were digitized using our data acquisition system [2] . As many as 16384 points were digitized at lo-turn intervals.
To investigate the effect of the nonlinear damping force on motion, the electron velocity was displaced from the proton velocity to produce a nonzero relative velocity. This can be achieved in two ways. The most straightforward way would have been to change the electron energy. However, at IUCF the electron energy is changed by changing the high voltage power supply (HVPS) setting, which is done digitally in steps of about 4.5 volts. This would result in fractional changes in the electron velocity Ap/p in steps of about 9 x 10s5, which proved to be too coarse. The other method, which was used in this experiment, was to change the energy of the proton beam. This was done by changing the rf frequency in steps as small as 1 Hz with a resulting change in the fractional proton velocity of about 1 x lo-'. If the electron velocity is equal to the proton velocity when the rf cavity frequency is fe, then the fractional momentum deviation of the electron beam S, from the proton beam at the new rf frequency f is given by S, = (f -fo)/(qfe).
When the rf frequency is shifted, the beam is displaced from the origin and begins to undergo a synchrotron oscillation. The motion of the beam will then damp to an attractor, which may be a fixed point or a limit cycle. A simple analogue to this is a pendulum in a stiff breeze, the air resistance playing the role of the electron cooling. The motion was * A characterized by measuring the peak amplitudes of the oscillations, C$ and 6, after waiting for three seconds to allow the initial transient to damp out. If the damping force was linear over the entire range of v,d, the expected result is that the proton beam would damp to a new fixed point having a phase $FP given approximately by
This would correspond to the situation where the proton beam was continuously losing or gaining energy due to the damping force, but with it being compensated by the rf cavity.
A typical result of this measurement is shown in Fig. 1 for the rf cavity voltage of 85 V. Two sets of measurements of the maximum phase amplitude 4 are shown; one using the phase detector previously described, and a second set using an oscilloscope to measure the separation in time between the extremes in the oscillation. The solid lines shown are the results of computer simulation using Eqs. (1) and (2) It is clear that a unique feature of the motion is a threshold for zl,d (or bP -&) beyond which the steady-state motion is not a fixed point attractor, but a limit cycle [7] . The (6) is a complicated nonlinear differential equation. However, the location of the attractor may be determined by using a method call harmonic linearization [8] . Let the ansatz of Eq. (6) be 1: = Asin and i = Avcos(vB). Substituting the solution into the damping force term in Eq. (6), the damping force becomes harmonic in time. We can expand the kinematic function in a Fourier series as
n=l n=l where a0 = & l2'g(i -Qie,
a, = -; 1'" g(6 -Se) cos(nue)de, 
where (~1 = alar/(wovA), ~1 = bla/(wOv,A), and x1 = 2aas/(wov2). Thus the equation of motion becomes
where u = v,+vr with y << v,. Note that err corresponds to the average value of the damping coefficient over a complete oscillation and is a function of the amplitude A of the solution. If there exists a limit cycle for A # 0, then al must be zero. Therefore, A for the attractor can be found by finding the location of the zeros of the function CYI(AY), or equivalently from the zeros of the function a 1. While closed form expressions for the functions in Eqs. (8) (9) (10) have not been obtained, these functions and their zeros were determined numerically. changes sign is where a driven, or maintained, oscillation first appears. This point happens to be near A,, where f (6) is an extremum. Thus the normally damped system becomes anti-damped. When this condition is reached, the dynamics of the system is similar to that of a system with negative resistance [9] . At the threshold, the fixed point attractor has bifurcated into a limit cycle and the fixed point attractor turns into an unstable fixed point.
A bifurcation of this type is called a Hopf bifurcation [7] .
In conclusion, we have done a series of detailed experiments to investigate an observed instability created for an electron-cooled bunched proton beam when the electron velocity differs from the proton velocity. We have shown that for an electron cooled beam, this instability can be explained as a maintained oscillation generated by the negative resistance resulting from a large relative velocity between the electron and proton beams at which the damping force decreases with increasing relative velocities.
Since the transition from motion which damps to a fixed point to a maintained oscillation is quite sharp and strongly dependent on Aer this effect may be useful in determining the effective electron temperature A=. This phenomenon should also be an important consideration in injection schemes in which electron cooling is used to cool a proton beam at 
